Abstract. The n , 1-dimensional simplex is the collection of probability measures on a set with n points. Many applied situations result in simplexvalued data or in stochastic processes that have the simplex as their state space. In this paper we study a large class of simplex-valued di usion processes that are constructed by rst coordinatising" the simplex with the points of a smooth hypersurface in such a w ay that several points on the hypersurface may correspond to a given point on the simplex, and then mapping forward the canonical Brownian motion on the hypersurface. For example, a particular instance of the Fleming-Viot process on n points arises from Brownian motion on the n , 1-dimensional sphere. The Brownian motion on the hypersurface has the normalised Riemannian volume as its equilibrium distribution. I t i s straightforward to compute the corresponding distributionon the simplex, and this provides a large class of interesting probability measures on the simplex.
Introduction
Many data sets come in the form of proportions that add to unity that is, as points in a simplex with dimension one less than the numb e r o f p r o p o r t i o n s . For example, there is the breakdown of the composition of an ore sample into component minerals or the division of a family's expenditures into housing, food, clothing, leisure, etc. This type of data is often referred to as compositional and a standard reference for models and inference in this area is Ait86 . Such data can also have a temporal component. For example, there are the proportions of the population at any t i m e h a ving each of the possible combinations of alleles of a given set of genes see, for example, Gil91 . There appears to be something of a dearth of exible, tractable models for such s t o c hastic processes.
Of course, stochastic processes on the simplex are an elementary instance of processes taking values in the set of probability measures on an arbitrary measurable space. However, the literature in this more general area is primarily concerned with models such as the Fleming-Viot process that arise as continuum limits of particle systems with relatively simple dynamics see, for example, Daw93 . There is a substantial literature on di usions on manifolds and particularly Brownian motion on manifolds see, for example, RW87, Eme89, S t r 0 0 , D r i 9 5 . The approach w e follow here for building di usions on the simplex is to rst take a simplicial decomposition of some compact manifold. This gives a typically manyto-one mapping of the manifold onto the simplex. We then take B r o wnian motion on the manifold and map it forwa r d t o o b t a i n a c o n tinuous stochastic process on the simplex. If the manifold and the associated simplicial decomposition have suitable symmetry properties, then the resulting process on the simplex will be Markovian.
The simplest example of our construction is when the manifold is the n , 1-dimensional sphere fx 1 ; x 2 ; : : : ; x n : x 1 2 + x 2 2 + + x n 2 = 1 g: We map the sphere onto the n , 1-dimensional simplex via x 1 ; x 2 ; : : : ; x n 7 ! x 1 2 ; x 2 2 ; : : : ; x n 2 :
If X t ; P x is the Brownian motion on the sphere, then the distribution of the process X = X 1 ; X 2 ; : : : ; X n under P x 1 ;x 2 ;:::;x n is the same as the distribution of X 1 ; X 2 ; : : : ; X n under P x for any x and any o f t h e 2 n possible choices of sign. In particular, for any p o i n t y = y 1 ; y 2 ; : : : ; y n in the simplex the distribution of X 1 2 ; X 2 2 ; : : : ; X n 2 is the same under any of the measures P x for which x 1 2 ; x 2 2 ; : : : ; x n 2 = y 1 ; y 2 ; : : : ; y n . Dynkin's criterion for a function of a Markov process to be Markovian see Theorem 13.5 of Sha88 then gives that X 1 2 ; X 2 2 ; : : : ; X n 2 is Markovian. It turns out that Brownian motion on the sphere is mapped to a particular Fleming-Viot process on the set f1; 2; : : : ; n g. The underlying mutation process for the Fleming-Viot process is a Markov c hain that jumps at a constant r a t e and chooses a new state uniformly from the n , 1 possibilities. The Brownian motion on the sphere has the normalised surface area measure on the sphere as its equilibrium distribution. The corresponding process on the simplex that is, the Fleming-Viot process has the push-forward of this measure as its equilibrium distribution and, as is well-known, this latter probability measure is the Dirichlet distribution with parameters 1 2 ; 1 2 ; : : : ; 1 2 , The plan of the paper is the following. We construct a particular class of hypersurfaces and Brownian motions on them in Section 2. We s h o w t h a t t h e B r o wnian motion mapped to the simplex is Markovian in Section 3, and exhibit the semimartingale decomposition of this di usion on the simplex in Section 4. The push-forward of the normalised Riemannian volume measure is the equilibrium distribution of the di usion on the simplex, and an explicit formula is given for this distribution in Section 5. We illustrate the general results with the special cases where the hypersurface is an ellipsoid in R n or the unit sphere in R n equipped with the`p norm for p an even positive i n teger. for some constant C.
